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ABSTRACT: The convection-diffusion equation is of primary importance in
understanding transport phenomena within a physical system. However, the currently
available methods for solving unsteady convection-diffusion problems are generally
not able to offer excellent accuracy in space and time. The one-dimensional unsteady
convection-diffusion equation was solved by combing a compact difference scheme with
the Runge-Kutta method. The combined method has fourth-order accuracy in space and
time. To check the accuracy of the combined method, numerical experiments were carried
out and comparisons were performed with the Crank-Nicolson method. The analysis
results indicated that the combined method is numerically stable at low wave numbers and
small Courant-Friedrichs-Lewy numbers. The combined method has higher accuracy than
the Crank-Nicolson method.

Keywords: compact difference schemes, Runge-Kutta methods, convection-diffusion
equations, high-order accuracy, Crank-Nicolson methods

1. INTRODUCTION

The convection-diffusion equation is a combination of the diffusion and convection
equations, and describes physical phenomena where particles, energy, or other
physical quantities are transferred inside a physical system due to convection and
diffusion processes."* This equation is of primary importance in understanding

© Penerbit Universiti Sains Malaysia, 2022. This work is licensed under the terms of the Creative
Commons Attribution (CC BY) (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.21315/jps2022.33.1.1

Methods for Convection-diffusion Problems 2

transport phenomena within a physical system.>* For a transport variable u, the
one-dimensional unsteady convection-diffusion equation is given by

Ou(x,t) ou(x,1) 0%u(x,t)
tc =a
ot Ox ox?

» (x,1) € (0,L) x (0,T) @)

where c is the convection intensity and a is the diffusion coefficient.

The boundary and initial conditions are given by
M(O,t) :go(t)a U(L,t) :gl(t)ﬂ te (O,T), u(xao) = ¢(x) (2)
where g, and g, are smooth functions.

A variety of finite difference schemes have been presented to solve unsteady
convection-diffusion problems approximately.® Typically, these schemes
usually have first-order or second-order accurate in space, but have fallen short
of expectations for convection-dominated flows if the mesh is not sufficiently
refined.” Discretisation with a higher order in space is usually associated with
large stencils, thereby increasing the band-width of the resulting matrix.>*
A class of compact difference approximations have been recently developed to
solve convection-diffusion problems.”” These compact difference schemes have
fourth-order accuracy in space, but fail when accuracy in time is most needed.'®!
Additionally, most of these schemes have to compute the inverse of the block
matrix.!®!! Tt is therefore entirely necessary to develop an effective numerical
scheme in order to obtain satisfactory results with a higher order accuracy in time
and reasonable computational cost.

The objective is to develop an effective method to achieve higher accuracy
in time by combining a high-order compact difference scheme and the Runge-
Kutta method. This combined method is used to solve the unsteady convection-
diffusion equation. The Runge-Kutta method is introduced briefly in Section 2.
The compact difference scheme is presented in Section 3. The stability of
the combined method is checked in Section 4. Some numerical examples are
presented in Section 5 and the conclusions are summarised in Section 6.
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2. RUNGE-KUTTA METHODS

The most widely known member of the Runge-Kutta family is generally referred
to as the classic Runge-Kutta method.'”> When the classic Runge-Kutta method is
used to solve the convection-diffusion equation, time is treated as an independent
variable in an ordinary differential equation,

_d9
o —RO) 3)

where Q is an unknown function of time, and R denotes the numerical
approximation to the spatial derivatives. The Runge-Kutta method is specified as
follows:

0= 0"+ AtR(Q", AY) 4)

where At is the time increment. The increment function R (0", Af) is subdivided
into number of steps (N) on the interval ¢ < ¢ < ¢!

Q'= 0"+ At(ay,R") (%)

0*= Q0"+ At(a, R" + a,,R") (6)

03 = 0"+ At(a3R" + a3,R' + 033R?) (7)

0" 1'=0"+ At(ayR" + o,R' + ...+ oy RY ) ®)

where the superscript n, 1, 2, ..., and n + 1 denote the time steps on the time

interval " <¢ <t <..< t,<t"!, and a is the weighting factor for the step i
and term ;.

A four-step algorithm is given by

At

Ql = Qn + T Rn (9)
At

@P=Q+——R (10)
At

Q3:Q”+7R2 (11)

Q"= 0"+ AR (12)
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This algorithm is convenient to program and no intermediate solution needs
to be stored."

3. COMPACT DIFFERENCE SCHEMES

The differential equation is specified as follows:

0%u(x) ou(x)
a -c
Ox? Ox

=/(x),x€(0,L) (13)
with the boundary conditions
u(0) = gy, u(L) = g, (14)

The interval 0 < x <1 is subdivided into n equal subintervals by the grid points

1
x; = ih, where h = —.'* The mesh function u(ih) is written as u; at grid point x,.

n

The second-order central difference schemes for second and first derivatives of
. Uy — 2u; + U, Uy — Uy .

u can be written as §2u = i fE ) and o.u = %, respectively.

The following relation can be derived from Equation (13) at point x;:

adu,—cou, —1,=f (15)
_ h? [ d*u ) du J O (16)
TN G

The fourth and third derivatives of « in the above equation should be approximated
in order to obtain a compact difference scheme with fourth-order accuracy.
Equation (13) gives:

d? 1 (d d?
e (e

= c
dx? o dx dx?

Jl=—Gresmyrom a7
a

From Equations (13) and (17), it follows that

dx* o

du | (d&f du 1 c c?
|l__[ +tc ]|l:_5x2ﬁ+_5xﬁ_5vzuz)+0(h2) (18)
dx? dx? o o o
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The following formula can then be derived:

2

h? ¢ ¢
7= (63ﬁ - — 6. /- — ] + 00 (19)
12 a a

A fourth-order compact difference scheme can be obtained, given by

2

CZ 2
[ o+ ] 5x2ui - Caxu[ =.ﬁ +
120

(02150 ) + 0w (20)
12 U g

Here, two difference operators are defined as follows:

n c c’h?
L=1+ [5){2——&}], Ax:—[a+ Jéxz—ircéY (21)
12 o 12a ’

Equation (20) can be formulated symbolically as
L} A=+ O (22)

The combined method is used to solve the convection-diffusion equation.

4. STABILITY ANALYSIS

The stability of the combined method is checked by performing a von Neumann
linear stability analysis. Let u! = b"e’™ to be the value of ! at x,, where I =-1,
b" is the amplitude at time level n, and & is the wave number. The amplification
factor is defined as

bn +1
bn

g= (23)

The amplification factor of Equation (12) discretised by the Runge-Kutta method
is given by

1 1 1
=1+Z+—22+— Z°+— Z* 24
£ 2 6 24 24)

The variable Z represents the spatial discretisation applied to the convection-
diffusion terms."® The explicit, discretised form is given by

F
Z= [[24 o + 2F-Pe)(1 —cos k) — 121F sin k]/(10+2cos k — 1Pe sin k) (25)
e
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The CFL (Courant-Friedrichs-Lewy) number F'is defined as

cAt

F= 26
p (26)
The Péclet number Pe is defined as
ch
Pe=—— 27)
04

When the Péclet number is low the diffusion term dominates.'*'® When the Péclet
number is high, the convection term dominates.'>!® For stability, the amplification
factor has to satisfy the relation | g| < 1. When | g|> 1, the combined method
is numerically unstable. The contour of amplification factor is plotted in
Figures 1-4, respectively, in the plane of CFL number and wave number with
various Péclet numbers such as 1, 10, 100 and 1000. The absolute value of
amplification factor is presented in the following contours. The results indicate
that the combined method is numerically stable at small Courant-Friedrichs-Lewy
numbers and low wave numbers.

0.7

0.6

Amplification factor

I4

Figure 1: Contour of amplification factor in the plane of CFL number and wave number
with a Péclet number of 1.
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Figure 2:

Figure 3:

CFL number
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Contour of amplification factor in the plane of CFL number and wave number

with a Péclet number of 10.
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Contour of amplification factor in the plane of CFL number and wave number
with a Péclet number of 100.
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Figure 4: Contour of amplification factor in the plane of CFL number and wave number
with a Péclet number of 1000.

S. NUMERICAL EXPERIMENTS

The Crank-Nicolson method can be written as an implicit Runge-Kutta method.'”!®
The numerical results are presented by comparing the combined method (C.M), with the
Crank-Nicolson method (CN.M).

Example 5.1. The convection-diffusion equation is

Ou Ou o%u
+0.1 =0.01 , (.1 0,1)x(0,T 28
. . ) (0. X (0.7) (28)

The exact solution is given by
u(x,t) = 5%~ (025 +0012) gip 7y (29)

The initial and boundary conditions are defined so that the results are agreed
well with the exact problem solution. The accuracy of the combined method is
compared with that of the Crank-Nicolson method. The results are presented in
Table 1 for various values of 7. The absolute error is obtained along the x direction.
In addition, 4 is 0.005 and A¢ is 0.001.
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Example 5.2. The convection-diffusion equation is

Ou Ou 2
—, T02 —= =05 —— (1) € 0. x (O.7) (30)
The exact solution is given by
u(x,t) = @022¢ ~ (002424 0571 giny 7 (3 1)

The initial and boundary conditions of the problem are defined so that the results
are agreed well with the exact problem solution. The accuracy of the combined
method is compared with that of the Crank-Nicolson method. The results are
presented in Table 2 for various values of 7. The absolute error is obtained along
the x direction. In addition, / is 0.01 and Az is 0.542.

Example 5.3. The convection-diffusion equation is

0 5 o2
Yo ”=ozaz,@ge&nxmj) (32)
X

The exact solution is given by

u(x,f) = £025¢ ~ (00125 +0.027)¢ gin 7 (33)
The initial and boundary conditions are defined so that the results are agreed
well with the exact problem solution. The accuracy of the combined method is
compared with that of the Crank-Nicolson method. The results are presented
in Table 3 for various values of ¢z. The absolute error is obtained along the
x direction. In addition, % is 0.01 and Az is A2

The comparison results presented in Tables 1-3 indicate that the combined method
has higher accuracy than the Crank-Nicolson method.

The combined method can effectively solve the one-dimensional unsteady
convection-diffusion equation, with fourth-order accuracy in space and time.
Additionally, the combined method has higher accuracy than the Crank-
Nicolson method in all the cases studied. It is acknowledged that the combined
method for solving the convection-diffusion equation has certain limitations.
Specifically, the combined method is numerically stable at low wave numbers
and small Courant-Friedrichs-Lewy numbers and may be prone to numerical
instabilities at high wave numbers and large Courant-Friedrichs-Lewy numbers.
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In contrast, for diffusion equations and many other equations, the Crank-
Nicolson method is unconditionally stable.”” However, the price one pays for
the unconditional stability of the Crank-Nicholson method is having to invert a
tridiagonal matrix equation at each time-step.?’ Furthermore, the Crank-Nicholson
method has second order accurate in time, and therefore the overall accuracy
depends also upon the spatial differencing practice.

6. CONCLUSIONS

The objective is to develop an effective method to solve the one-dimensional
unsteady convection-diffusion equation by combing a high-order compact
difference scheme with the Runge-Kutta method. The Runge-Kutta method is
used to approximate the time derivative, and the compact difference scheme is
used to approximate the spatial derivatives. This combined method has fourth-
order accuracy in space and time. The predictions are in good agreement with
the exact solutions. In addition, the combined method has higher accuracy than
the Crank-Nicolson method. The combined method is highly efficient and has
superiority over most of the other high-order compact difference schemes in terms
of computational cost.

7. RECOMMENDATIONS FOR FUTURE RESEARCH

In many diffusion processes arising in physical problems, convection essentially
dominates diffusion, and it is natural to seek numerical methods for such
problems that reflect their almost hyperbolic nature.?’ Two types of high
order compact schemes have been developed, including high order compact
polynomial and exponential finite difference schemes. However, the existing
high order compact polynomial finite difference schemes are not suitable for
particular physical problems, for example, abrupt boundary layer in convection-
dominated problems, unless a very fine mesh is used. This dilemma can be
resolved by utilising local mesh refinement strategies or a non-uniform mesh.?
However, in case of using a non-uniform mesh, the boundary layer location or
the singularity region must be known before the construction of the non-uniform
mesh.

In contrast, the high order compact exponential finite difference scheme has
the noteworthy feature that it provides very accurate solution for singular
perturbation problems characterised by boundary or transition layers where the
gradients of the solution are large.”*?¢ Tian and Dai have developed a fourth
order compact exponential finite difference scheme for solving one-dimensional
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and two-dimensional steady-state convection-diffusion equations with constant
and variable convection coefficients on compact stencil.”’ Mishra and Yedida
have developed a sixth order compact exponential finite difference scheme
for solving one-dimensional convection-diffusion equations with constant
convection coefficients and a fourth order compact exponential finite difference
scheme for two-dimensional convection-diffusion equations.?® In particular, Tian
and Yu have developed a fourth order compact exponential finite difference
scheme for solving one-dimensional unsteady convection-diffusion equations.?
The fourth order compact exponential finite difference scheme is unconditionally
stable with fourth-order accuracy in space and time, thereby providing an excellent
solution to convection dominated problems.

Recommendations are made here for future research regarding convection
dominated problems. Further study is needed to extend the present numerical
methods to multi-dimensional cases by reference to the existing schemes with
higher accuracy and stability.
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