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ABSTRACT: Nonlinear transient heat transfer via conduction–radiation is a dynamic 
topic of long-standing interest with applications ranging from aeronautical and 
mechanical engineering to industrial and civil security. To gain a better understanding of 
the performances of materials having thermal proprieties that change during nonlinear 
heat transfer, several studies using the finite element method (FEM) have been conducted. 
Such studies apply nonlinear thermal material characteristics to describe the complete 
system under different loading conditions in each region by adjusting the temperature 
values for the other three edges and the thickness parameter with Dirichlet boundary 
conditions. As a result, while modeling and simulating temperature distributions for such 
situations, nonlinearities generated by temperature-dependent thermal conductivity must 
be considered. In this work, we focus on the analysis of coupled transient heat transfer 
through two metal plates with temperature-dependent thermal characteristics in which the 
temperature is fixed along the bottom edge and heat is transferred from both the top and 
bottom faces of the two plates. FEM is employed to solve the nonlinear heat equation and 
compute the temperature as a function of time for variable thickness. The study examines 
the effect of modifying the thickness parameter values on the temperature distribution over 
time for various edge values over 5,000 s.
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1.	 INTRODUCTION

Heat transfer analysis in metals is applied in many critical scientific fields, including 
the heat-treatment of materials, radiation heat waves and mechanical engineering, 
and it is used to assess the temperature distribution in conductive materials when 
the thermophysical properties, boundary conditions and/or intensity of the heat 
source are known.1–7 The physical mechanism of conduction–radiation coupling 
is crucial and intricate.8,9 To explain the radiation process, we apply the Stefan 
constant, emissivity coefficient and ambient temperature, assuming that heat 
transfer is proportional to the fourth order of the thermal gradient between the 
plane and the temperature difference.10–12

When material non-linearity is considered, the computational cost and effort for 
the analysis of transient heat transfer are enormously increased. Indeed, iteration 
methods must be used to solve this issue for convergence to be attained at each 
time step. Previous approaches related to this topic encompass Finite Element 
Method (FEM), Boundary Element Method (BEM), Meshless Method and various 
others are initially developed for engineering study to model and analyse systems 
complex in the fields of mechanical, civil and aeronautical engineering.13–16 
FEM is regarded as the most practical and powerful computational technique 
in the engineering sciences.17–19 Nonlinear thermal material properties such as 
temperature-dependent thermal conductivity and specific heat capacity, as well as 
nonlinear thermal boundary conditions such as heat convection and radiation are 
used in FEM to account for the nonlinear characteristics of transient heat transfer.18 
The approach divides the complex domain into finite fragments whose behaviour 
can be described with relatively linear equations that are solved simultaneously for 
the entire system.20,21 These numerical approaches are adaptable and effective for 
dealing with coupled transient heat transport problems.

In this study, we analysed coupled transient heat transfer through two square metal 
plates, one of copper and the other of aluminum, with temperature-dependent 
thermal characteristics, where the temperature is fixed along the bottom edge 
and heat is transferred from both top and bottom faces. The FEM approach is 
used to solve the nonlinear heat equation coupled with radiation considered as the 
source term via a square metal plate domain. The temperature variation with time 
is calculated by adjusting the temperature values for the other three edges of the 
plate with change in thickness parameter.

The plate used in this research has a consistent specific heat and density and is 
completely insulated from the other edges. Because the thickness of the plate 
is very low compared to the other planar dimensions, the temperature in the 
thickness direction may be considered constant. This suggested approach may be 
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applied to a wide range of thermal material qualities and thicknesses, as well as 
nonlinear features in transient heat transfer situations. The purpose of this study 
is to investigate and evaluate the effects of varying the thickness parameter values 
for the copper and aluminum plate on the temperature distribution over time for 
various edge values.

2.	 THERMAL GOVERNING EQUATIONS

Assuming that the three edges are insulated, the heat is transferred from 
the faces of the plate by radiation through fixing the temperature along 
the bottom edge. Under these conditions, the two-dimensional transient 
nonlinear heat transfer is expressed as:
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where T denotes the temperature, ρ is the material density, cp represents the specific 
heat, v is the Stefan-Boltzmann constant, f is the face body emissivity, T0  is 
the ambient temperature, th is the plate thickness, and l(T ) denotes the thermal 
conductivities in different directions. 

In this study, we assume that the nonlinear thermal conductivity is assumed 
to vary linearly with temperature. Its variation with temperature is given by  
l(T ) = k0 (1+bT), where k0 represents the thermal conductivity of the plate. 
Moreover, we replace the nonlinear quantity T 4

 using the Taylor series expansion 
with the following linear approximation T 4 = 4T 0

4 − 3T 0
4, by considering that the 

limit will be small and increase at powers higher than 1 and can be neglected.9

The model describing the transient temperature in this metal plate is expressed as:
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3.	 FEM APPROACH

3.1	 Transient Nonlinear Thermal Analysis

The thermal properties of most materials vary with temperature. As a result, the 
governing equations and boundary conditions that characterise the temperature 
distribution in these materials become nonlinear. However, because addressing 
these nonlinear heat transport problems is challenging, simplifying assumptions are 
typically applied to linearise such situations. Mathematically, it can be confirmed 
that with an increasing number of elements, the FEM approach converges towards 
the exact solution. Therefore, any accuracy level required can be accomplished.20 

The temperature or heat limits conditions can be defined at any point within the 
finite element system and can take the form of pressure functions. The area of 
the solution is typically not straightforward to determine, and it can change size 
and form in unpredictable ways. When nonlinearity occurs, the geometry and 
material characteristics become important for convergence of the solution by the 
FEM approach.

3.2	 Physical Properties and Boundary Conditions

Our goal was to determine the effects of plate thickness on nonlinear thermal 
conductivity coupled with radiation on heat transfer. This is done by fixing 
the nonlinear conduction parameter b = 1 and varying the thickness parameter 
by applying the properties indicated in Table 1 on a metal comprising copper 
and aluminum.

Table 1:  The physical properties for metals plate.

Metals Conductivity
(W/m.K)

Density
(kg/m3)

Specific heat
(J/Kg.K) Emissivity Stefan Boltzman Cte

Copper 400 8,920 385 0.03 5.6703 10-8

(W/m2.K4)Aluminum 237 2,700 903 0.05

Applying boundary conditions involves setting the temperature at the bottom 
edge to 100°C, while the other three edges are maintained at ambient temperature. 
Figure  1 shows the diagram of the triangular mesh in the plate with about  
20  elements in each direction. The triangular grid iteration technique is very 
easy to implement and has been used successfully for different types of 
engineering problems.
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Figure 1:  Plate with triangular finite element mesh.

4.	 RESULTS AND DISCUSSION

We evaluated the effect of changing the thickness parameter values on the evolution 
of temperature over time for the different edges of both plates over 5,000 s and 
obtained three temperature curves as a function of time for the top, E2 and E4 
edges for both metals.

According to the profile of the evolution of the transient temperature in Figures 2a 
and 2b for the two metals, it is clear that for an extremely thin plate, the increase in 
thickness has a visible influence on the change in temperature at the centre of the 
edge of the plate which follows exponential growth.
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Temperature along the top edge of the copper plate as a function of time

Edge E2, E4 Temperature of the copper plate

Figure 2a:  Temperature along the edges of the copper plate in 5,000 s for b = 1.
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Temperature along the top edge of the aluminum plate as a function of time

Edge E2, E4 Temperature of the aluminum plate

Figure 2b:  Temperature along the edges of the aluminum plate in 5,000 s for b = 1.
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In Figures 3a and 3b, we define the initial temperature to be T0 = 25°C everywhere 
except the bottom edge and define the time domain as 5,000 s to find the transient 
solution using FEM by changing the temperature values for the other three 
edges. We set the physics and analysis type, generated the finite element mesh  
in the model and set the time steps and initial conditions including convergence 
criteria and iteration termination conditions, among others. 

It should be noted that the temperatures rise from the initial state after 5,000 s; 
this simulation time was chosen since it is sufficient to detect the high temperatures.

Temperature in the copper plate, transient solution (5,000 s)

Figure 3a:  Transient temperature in the copper plate.

Temperature in the aluminum plate, transient solution (5,000 s)

Figure 3b:  Transient temperature in the aluminum plate.

In Table 2, the temperature variation at the top edge is significant for both metals 
depending on the thickness value.
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Table 2:  Value of temperature along the top edge plate in 5,000 s.

Thickness parameters th = 0.01 th = 0.05 th = 0.1

Temperature at the top edge for copper (°C) 148.5 86.9 78.3
Temperature at the top edge for aluminum (°C) 155.2 113 106.9

The thickness of the plate and the physical properties of the metal play a very 
important role in the transfer of heat within the plate.

Figures 4a and 4b show numerically the variations in transient solutions in the 
plate using the same ambient temperature throughout all edges for both plates. 
We  can observe a small difference of temperature value in the centre of plate. 
This fact shows that the two solutions are very close.

Temperature in the copper plate (5,000 s)

Temperature in the aluminum plate (5,000 s)

Figure 4a:  Transient temperature for both plates with same temperature over all edges.
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Temperature in the copper plate, transient solution (5,000 s)

Temperature in the aluminum plate, transient solution (5,000 s)

Figure 4b: Transient temperature for both plates with ambient temperature over all edges.

5.	 CONCLUSION

In this article, we used the FEM approach to examine the transient temperature 
in two plates as a function of time to evaluate the impact of thickness of each 
metal plate. As shown, the temperature profiles for the plate from the transient 
solution at the end are extremely similar for the plates, and the temperature is 
set at the bottom edge with no heat transfer from the other three edges. The 
transient solution attained steady-state values for both plates after roughly 5,000 s.  
Thus, material properties such as conductivity and thickness play very important 
roles in the heat transfer behaviour within the plate.
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6.	 NOMENCLATURE

l(T)
L
k0
β
ϵ

The temperature thermal conductivity 
Length of heat plate [m]
Reference thermal conductivity [W/mK]
Nonlinear conductivity parameter
Face body emissivity

T
Cp
a
r

Local mean temperature [°C]
Specific heat at constant pressure [J/Kg.K]
Design thermal diffusivity [m2/s] 
Temperature density dependent [kg/m3]
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